Here is a beautiful combinatorial problem for your next homework assignment:
When your students ask about the four-line proof, explain that a rectangle is uniquely determined by choosing four lines, namely two horizontal lines and two vertical lines, which can be done in But that's not the end of the story. As we'll see, we can apply this "checkerboard logic" to derive the famous formulas for summing squares and cubes. Recall that the sum of the first n cubes is
2 . This formula can be proved by induction, telescoping sums, combinatorially [1] , or geometrically [2] . Our four-line proof suggests that we should be able to directly count rectangles on an n × n checkerboard and arrive at the same conclusion. But which rectangles are being From our four-line proof, there are
such rectangles. But as combinatorial purists, we prefer to derive the k 3 term directly-avoiding algebra altogether. After all, the algebra presented is enough to directly prove the identity by telescoping sums.
Notice that there are k 3 ordered triples (a, b, c) satisfying 0 ≤ a, b, c < k. Each of these triples can be paired to a rectangle with upper right corner (x, y) having max{x, y} = k as illustrated in Figure 3 and described below:
• If b ≤ c, (a, b, c) is paired to the rectangle created from vertical lines x = a and x = k and horizontal line y = b and y = c+1. The maximum coordinate of this rectangle equals k and it occurs in the x-component.
• This process is easily reversed, since every rectangle with maximum coordinate equal to k can be uniquely identified with a triple (a, b, c) depending on whether the maximum occurs in the x-coordinate or not. A similar approach to this identity was given by Stein [3] who algebraically showed that there are k 3 rectangles with shorter side length equal to n + 1 − k (for 1 ≤ k ≤ n). We leave the reader with this challenge: corner (x, y) having max{x, y} = k into a rectangle whose shorter side length equals n + 1 − k?)
Next we obtain a three-line proof for the sum of the squares, = n(n + 1)(2n + 1)/6 is the familiar closed form for this sum.
We now ask the question "How many squares exist in an n × n checkerboard?" On the one hand, for 1 ≤ k ≤ n, by considering the coordinates of the upper right corner, the number of k × k squares is (n + 1 − k)(n + 1 − k). Hence the total number of squares is
On the other hand, for every ordered triple (a, b, c) with 0 ≤ a < b < c ≤ n 2 , as desired. We conclude with the question of whether similar methods can be applied to sums of higher degree terms? We don't know-but we are counting on some reader to explore this question.
